The residual effect of surface gravity waves on mean flows in the upper ocean is investigated using thicknessweighted mean (TWM) theory applied in a vertically Lagrangian and horizontally Eulerian coordinate system. Depth-dependent equations for the conservation of volume, momentum, and energy are derived. These equations allow for (i) finite amplitude fluid motions, (ii) the horizontal divergence of currents and (iii) a concise treatment of both the kinematic and viscous boundary conditions at the sea surface.
Introduction 1
In the theory for surface gravity waves, the Lagrangian mean transport by the Stokes-drift has been 2 known for more than 150 years (Stokes, 1847) whereas it is only in relatively recent times that the 3 importance of Lagrangian transport by ocean mesoscale eddies has been appreciated. In both cases, the 4 Stokes or eddy-induced velocities are corrections to an Eulerian mean (EM) velocity to account for the 5 difference between Eulerian and Lagrangian mean motions. In the theory of oceanic mesoscale eddies, it 6 has become common to introduce a vertically Lagrangian (VL) coordinate system, using density or neutral 7 density for the vertical coordinate (e.g. isopycnal or isoneutral coordinates), following the example from 8 the atmospheric literature where potential temperature is typically used (Andrews et al., 1987) . In the 9 horizontal the standard Eulerian coordinates are retained. Equations averaged in isopycnal coordinates 10 have been widely used to develop parameterizations of the effect of mesoscale eddies in global ocean models 11 designed for climate studies (Gent et al., 1995; Greatbatch, 1998; Griffies, 2004; Gent, 2011) . In the surface 12 gravity wave literature, a VL coordinate system, analogous to isopycnal coordinates, has been introduced 13 by Mellor (2003 Mellor ( , 2008 and by Broström et al. (2008) to derive depth-dependent equations for the effect 14 of surface gravity waves on the larger scale flow, in an attempt to present a simpler formulation than 15 provided by the (traditional) three-dimensional Lagrangian mean equations (e.g. Lamb, 1932; Pierson, 16 1962; Andrews and McIntyre, 1978; Jenkins and Ardhuin, 2004) . Both Mellor (2003 Mellor ( , 2008 ) and Broström 17 et al. (2008) rely on small amplitude theory to develop their equations, using a perturbation expansion 18 approach. As we show in the present paper, an alternative is to use Favre-filtering (Hesselberg, 1926; 19 Favre, 1965 19 Favre, , 1983 , following the example from the large-scale oceanographic and atmospheric literature 20 and corresponding to what in this literature is known as thickness-weighted isopycnal or mass-weighted 21 averaging, respectively. The (time-)averaged equations of motion can then be written for finite-amplitude 22 surface waves and allow for exact conservation of volume, momentum, energy, and, if required, passive 23 tracers.
24
The reason Favre-filtering is common in the studies dealing with eddies in the ocean and atmosphere 25 (e.g. Gallimore Aiki and Richards, 2008) 1 is because when written in the VL coordinate system, the 27 nonlinear terms in the equations of motion typically involve three independent variables and not two as 28 1 Greatbatch and McDougall (2003) show that the Temporal Residual Mean equations of McDougall and McIntosh (2001) are essentially the Favre-filtered equations in isopycnal coordinates. Thus no expansion method, as used in the latter paper, is necessary. and bottom of the ocean (Aiki and Yamagata, 2006 ). As we shall see, the free sea surface can itself be 42 a coordinate surface in the VL coordinate system and this avoids the complications inherent when using 43
vertically Eulerian averaging. In particular, the problem of extrapolating variables to a location above 44 surface troughs is avoided (a common feature of papers dealing with surface gravity waves).
45
To illustrate the power of the Favre-filtered equations in the VL coordinate system, we revisit the 46 issue of how the classical Ekman spiral solution (which is for the EM flow) is modified in the presence of 47 surface waves. Polton et al. (2005) point out that the Coriolis-Stokes force of Hasselmann (1970) drives 48 an EM flow which, even though it is confined near the surface, impacts the whole depth of the Ekman 49 layer because the additional mean flow modifies the surface boundary condition from that in the classical 50
Ekman problem. Their solution nevertheless differs from that of some previous authors, notably Madsen 51 (1978) and Xu and Bowen (1994) , who include an additional surface stress that they associate with the 52 so-called virtual wave stress (VWS) of Longuet-Higgins (1953 , 1960 . So far, the most rigorous framework 53
for explaining the VWS is the three-dimensional Lagrangian approach of Pierson (1962) . 2 We show here 54 that the VWS is contained in the Favre-filtered momentum equations. Indeed, we are able to reproduce 55 the equations used by all these previous authors and are able to point out the different surface fluxes of 56 momentum that are implicit in these papers and that account for the differences between the different 57 2 To our knowledge no previous studies, except for an attempt by Ardhuin et al. (2008) , have used the Generalized Lagrangian Mean equations of Andrews and McIntyre (1978) to explain the VWS. ), will be discussed in a later paper in the context of the Favre-filtered equations in the VL coordinate 61
system.
62
The manuscript is organized as follows. Section 2 presents the fundamental equations for surface 63 waves in deep water using the VL coordinates. The basic theory derived in this section is quite general 64 and applies to both unsteady situations and a general wave spectrum. In particular we show that (i) the 65 Favre decomposition allows depth-dependent equations for finite-amplitude waves to be derived without 66
resorting to perturbation or Taylor expansions and (ii) the surface boundary condition of the Favre-filtered 67
equations is concise and straightforward in the VL coordinate system. We take advantage of the treatment 68 of the surface boundary conditions in Section 3 as part of an analytical investigation of the residual effect 69 of linear surface waves on the momentum flux through the thin viscous boundary layer associated with the 70
waves, and where the link to the previous work on the modification of the classical Ekman spiral problem 71 is made. Section 4 presents a summary and discussion. 
Formulation using vertically Lagrangian coordinates

73
We derive depth-dependent equations for finite-amplitude surface waves in incompressible deep water 74 of constant, uniform density ρ. 
where V ≡ (u, v) is the horizontal velocity, ∇ c = (∂ x c , ∂ y c ) is the horizontal gradient operator, f is the 88
Coriolis parameter, z is the unit vector in the vertical direction and ρg(η − z c ) is hydrostatic pressure 89 which vanishes at the sea surface where z c = η with g being the acceleration due to gravity. Use of the 90 hydrostatic pressure has led to no gravitational acceleration term appearing in (1c). The quantity p is 91 the sum of oceanic nonhydrostatic pressure and atmospheric sea surface pressure. The terms F V and F w 92 represent the effect of turbulent mixing on V and w, respectively.
93
The kinematic boundary condition at the sea surface, z c = η, is
Using (2) we take the depth-integral of (1a) to give
which expresses the conservation of volume in each water column. 
Vertically Lagrangian (VL) coordinates
99
The idea is to choose a coordinate system that follows the high-frequency fluid motion (i.e. waves), as 100
in Lagrangian coordinates, but is such that the equations for the low-frequency fluid motion (i.e. currents) 101 appear as in Eulerian coordinates. High-frequency fluid motion is distinguished from low-frequency fluid 102 motion by using either a low-pass temporal filter with a given time scale or an ensemble average (cf. 103 Andrews and McIntyre, 1978) . In what follows, we shall refer to the averaging operator as a low-pass 104
filter. It should also be noted that the theory is quite general, applying to both finite amplitude waves 105 and a general wave spectrum.
106
In this study we use the vertically Lagrangian (VL) coordinates of Jacobson and Aiki (2006) which we 107
label by the set of independent variables (x, y, z, t). The transformation between the Cartesian coordinates 108 and the VL coordinates may be written with the inverse transformation given by
Care is required to define the value of the vertical coordinate, z, attached to a particular fluid particle at 113 the horizontal location, (x c , y c ) at time t c . First, we let z L be the (Lagrangian) low-pass filtered height 114 of that same fluid particle centred around time t c . Then we form the material surface that consists of all 115 fluid particles with this same low-pass filtered height, z L , centred around time t c . We then define z to be 116 the (Eulerian) low-pass filtered height of this material surface at the location (x c , y c ) and again centred 117 around the time t c . It follows immediately that where the overbar indicates a temporal low-pass filter carried out in the VL coordinates. It should be 120
noted that this particular transformation is rather special since it requires that if one fluid particle is 121 instantaneously situated above another fluid particle at (x c , y c ) at time t c then the value of z assigned 122 to the first fluid particle is also higher than that assigned to the second. While this property can be 123 expected to be satisfied for surface gravity waves in the vertical plane (or indeed the heaving of isopycnals 124
by the mesoscale eddy field), it is not likely to be satisfied, for example, by turbulent motions in the 125 vertical plane. The expression z c (x, y, z, t) may be interpreted as a surface fluctuating in (x, y, t)-space. 126
Each surface is formed by the group of fluid particles whose (Lagrangian) low-pass filtered height z L is a 127
given value. 3 The members of the group are successively updated with progressing time using a sliding 128 time-window. In the analogy to isopycnal coordinates, the coordinate z corresponds to the density and 129 the z-surfaces to isopycnals. 4
130
Time series of surfaces of constant z at a fixed horizontal position (x c , y c ) are illustrated in Figure 131 1 by blue lines. Two cases are compared, in Figure 1a without and in Figure 1b with a background 132
vertical flow (the latter may be caused by a large-scale horizontal convergence/divergence of currents). 133
With a background vertical flow, the blue lines get left behind by the rising sea surface and are eventually 134 below the layer of active wave motion. In this case water clearly passes through the z-surfaces (using the 135 notation introduced below, w * > 0 in this case). Without the background flow, no water passes through 136 the z-surfaces (corresponding to w * = 0). In this case, the sea surface is also a z-surface. 
Mathematical development
138
To proceed with the mathematical development 5 , we note that spatial derivatives in the VL coordinates 139 are given by
We also note that z ≡ z c leads to corresponds to the thickness (and is analogous to the thickness in isopycnal coordinates).
145
We now use (7) to write the governing equations (1a)-(1c) in terms of the VL coordinates: 
153
The quantity w * measures the flow that passes through the surfaces z = constant and is caused by 154 the horizontal divergence/convergence of the large-scale flow (Figure 1b ). In fact, using the coordinate 155 transformation (7) it is easy to show that w * = (∂ t c + V · ∇ c + w∂ z c )z, from which it follows that w * is 156 the rate of change of the coordinate z following a fluid particle: w * = associated with low-frequency fluid motions and not with the waves themselves. The quantity FS V in 187 (11b) is the divergence of the layer-thickness form stress,
The TWM momentum equations (11b)-(11c) contain two types of three-dimensional velocity, the TWM 191 velocity ( V, w) and the total transport velocity ( V, w * ). w and w * are not the same mathematically but 192 the difference is negligible as far as the present study is concerned. The total transport velocity is three-193 dimensionally nondivergent, as shown by (11a), and can be written as the sum of the unweighted mean 194 velocity (V, w) (averaged in VL-coordinates) and a velocity (V B , w B ) that is analogous to the bolus 195 velocity (Rhines, 1982) in the mesoscale eddy literature. In particular averaged in Cartesian coordinates. In particular Stokes velocity, an expression that will prove useful later (Smith, 2006; Mellor, 2008) ,
It should be noted that, while the definitions of the quasi-Stokes velocity and traditional are different, they are closely related. The conventional definition of the Stokes-drift velocity based on 213 a Taylor expansion in Cartesian coordinates is V Stokes ≡ (
] z c where the first term vanishes for horizontally 215 homogeneous waves and the second term is analogous to the first term on the right hand side of (17) 216 within an approximation
The free surface
218
A nice feature of the VL coordinates used here is the handling of the free surface. Indeed, as can be 219
seen from Figure 1a , since the free surface is itself a surface of constant z in that case, it follows that 220 when averaging in the VL coordinate system, there is no need to deal with regions beyond the sea surface, 221
i.e. above troughs when the surface is below its mean height, as happens when averaging in Eulerian 222
coordinates. Mathematically, the ease with which averaging can be carried out in the VL coordinates 223
arises because the kinematic boundary condition is not only preserved in VL coordinates but also avoids 224 products of quantities varying at high frequency, making averaging straightforward.
225
We begin by noting that η t = η t c and ∇η = ∇ c η. We then note that the sea surface is given by 226 z c (x, y, z, t) = η(x, y, t) and since at the sea surface 7 z = η this means that
It then follows that
One immediate consequence is that (z c t )| z c =η = η t and (∇z c )| z c =η = ∇η in general. We now substitute 232 the set of (19a)-(19b) to (9b) and obtain where (20) has been used to derive the third line, and (19a) has been used to derive the last line. Equation 255 (23) is consistent with (3), resulting in validating (19a) and (19b). Equation (22a) allows the depth integral 256 of (11a) to be written as,
which is consistent with both (3) and (23). Exact equations for depth-integrated momentum can also be 261 derived easily (not shown).
262
The kinematic boundary conditions (19a)-(22b) also allow exact energy equations for finite-amplitude 263
waves and currents to be derived (Appendix A). An associated four-box energy diagram is illustrated in 264 free surface, the work of air pressure disturbances −η ′′′ t p ′′′ | z=η is included in Figure 2 .
we can put the constant to zero). Below we use z = η = 0 as the label for the sea surface in the VL 287
coordinates.
288
We work with small amplitude waves, with smallness measured by the parameter α. In particular, we 289 let the slope of sea surface be scaled by α ≪ 1 and use it to make a perturbation expansion
where
, and w 2 = w 2 + w ′′′ 2 . For simplicity we have assumed no mean flow 297 at O(α). The thickness-weighted governing equations (9a)-(9b) and (10a)-(10b) become
at O(α) and
at O(α 2 ). 
Turbulent mixing term
309
In the following, ν is a real, uniform constant representing turbulent viscosity and the momentum 310 mixing is represented using a conventional symmetric tensor in Cartesian coordinates. The turbulent 311 mixing term may, therefore, be expressed in the VL coordinates as
where z c z ∂ z c = ∂ z has been used. Perturbation expansion of (28a)-(28c) yields
at O(α) where (26a) has been used and
Substitution of (30a)-(30c) to (27c) and time-averaging yields the TWM momentum balance at O(α 2 ), 330
where (26a) has been used. The above equations can be rewritten using the TWM velocity at O(α 2 ),
where (15a) has been used. We consider a monochromatic wave propagating in the x-direction: η ′′′ 1 = ae iθ where θ = kx − σt 338 is wave phase (complex constant), k is wavenumber (positive real constant), and σ is wave frequency 339 (positive real constant). Because η ′′′ 1 is O(α), wave amplitude becomes αa, so that a ≡ 1/k. See Table 2 340 for the value of physical parameters assumed in this section. The governing equations (26a)-(26c) can be 341 rewritten in wave space
where (29a)-(29c) have been used.
347
We consider a Poisson equation for p ′′′ 1 which is derived from the three-dimensional divergence of (26b) 348 and (26c), 
Substitution of (33a) and (35) to the left and right hand sides of (33c), respectively, yields,
Substitution of (33d) to the vertical derivative of (36) yields a characteristic equation for the vertical 356 which can be approximated by two separate equations,
The first equation can be reduced further to 0 ≃ (−k 2 w ′′′ 1 + w ′′′ 1zz ) because f /σ ≡ γ ≪ 1 (nondimensional 362 positive real constant, Table 2 ). Thus w ′′′ 1 is written by the composite of e kz and e n ± z where
where β ≡ νk 2 /σ ≪ 1 (nondimensional positive real constant, Table 2 ) and m ≡ −iσ/ν = −i/βk 365 (complex constant). Using both (iσ − νk 2 + ν∂ 2 z )e kz+iθ = iσe kz+iθ and (iσ − νk 2 + ν∂ 2 z )e n ± z+iθ = 366 ±if e n ± z+iθ , we solve (33a)-(33d) and obtain both a general solution 
Substitution of (41a)-(41d) to (32a)-(32b) yields the TWM momentum balance at O(α 2 ), 
Indeed (41c) and (41e) satisfy both the irrotational and incompressibility conditions.
403
The boundary condition for ( u 2z , v 2z ) is set by the rate of momentum input at the sea surface, can be rendered into, change of form in a rotating system have no net mass transport associated with them.
430
In order to understand the budget of mean kinetic energy, ρ 2 ( u 2 2 + v 2 2 ), in each vertical column, we take 431 the depth integral of the inner product of ( u 2 , v 2 ) and (46a)-(46b), 435 where integration by parts has been used, and we have assumed that the depth integral is not sensitive to 436 complicated terms in the viscous boundary layer of thin thickness δ ∼ √ β/k. The first term on the last 437 line of (49) represents the work of wind stress on the TWM velocity at surface. The second term represents 438 the dissipation of mean kinetic energy (i.e. production of turbulent kinetic energy) based on the vertical 439 shear of the Eulerian mean velocity. The third term is given by the vertical shear of the inviscid Stokes 440 velocity 2σk 2 a 2 e 2kz = (σka 2 e 2kz ) z and might be related to the Stokes production of turbulent kinetic 441 energy that has been considered in Teixeira and Belcher (2002) and Kantha and Clayson (2004) . However 442 when wave amplitude is large, the x-component of the Eulerian mean velocity, u c 2 , tends to be against the 443 direction of the wave propagation and the wind (Figure 3 ) with the result that the Stokes shear term of 444 (49) is actually sign indefinite (and therefore, not necessarily a production term). It should be noted that 445 although the Eulerian mean velocity is against the wind stress for the red curve in Figure 3 , the wind 446 stress, nevertheless, inputs energy through the work that is done by the wind stress on the quasi-Stokes 447 (i.e. Stokes drift) component of the TWM velocity. Substitution of (50a)-(50e) to (32a)-(32b) yields the TWM momentum balance at O(α 2 ),
solution (40a)-(40e) is reduced to
Equation (51a) 
465
(i) u 2z = τ 2 /(ρν) at the sea surface (where the wind stress τ 2 is introduced at second order in α, as 466 before).
467
(ii) The momentum flux through sea surface is τ 2 + 2ρνσk 2 a 2 , of which the wave-induced flux 2ρνσk 2 a 2 468 is attributed in equal measure to form stress and viscous stress.
469
(iii) The momentum flux through the base of the thin viscous boundary layer is τ 2 + 2ρνσk 2 a 2 , all of 470 which is maintained by viscous stress.
471
(iv) u 2z = τ 2 /(ρν) + 4σk 2 a 2 at the base of the thin viscous boundary layer.
472
The condition of no variation in the tangential stress gives a constraint for the vertical gradient of the 473 TWM velocity. This constraint is written by (80) to which we substitute an identity (σ/k)z ′′′ 1zz = u ′′′ 1z = 474 −w ′′′ 1x = −(σk)η ′′′ 1 which has been derived from (33a) and (u ′′′ 1z + w ′′′ 1x )| z=0 = 0. It follows that
This is (i). The right hand side of (51a) has been written as the vertical divergence of a pressure-induced 479 momentum flux (i.e. form stress) and a viscosity-induced momentum flux (i.e. viscous stress). At the 480 sea surface where z = 0, the form stress becomes η ′′′ 1x p ′′′ 1 = ρνσk 2 a 2 and the viscous stress becomes 481
, yielding a total momentum flux of τ 2 + 2ρνσk 2 a 2 482 where the last term represents the effect of waves. This is (ii). The viscous boundary layer is so thin 483 proportional to e mz = e √ −i/βkz in (51a) vanish, so that the vertical transfer of momentum is done by 488 only the viscous stress, ρν( u 2z − 2σk 2 a 2 ). This stress should match τ 2 + 2ρνσk 2 a 2 which comes from (iii). 489 The result is that, at the base of the viscous boundary layer, u 2z = τ 2 /(ρν) + 4σk 2 a 2 whose last term is 490
twice the vertical gradient of the inviscid Stokes velocity (Longuet-Higgins, 1953). This is (iv). It should 491
be noted that in the above analysis, the TWM momentum equation has been written in a flux-divergence 492
form which is suitable for identifying the route of the momentum transfer.
493
In order to understand the budget of mean kinetic energy, ρ 2 ( u 2 2 + v 2 2 ), in each vertical column, we take 494 the depth integral of the inner product of ( u 2 , v 2 ) and (51a)-(51b), where integration by parts has been used. In addition to wind stress τ 2 , wave viscous stress ρνσk 2 a and 501
form stress ρνσk 2 a at surface feed the mean kinetic energy, as illustrated in Figure 4 .
502
Below the viscous boundary layer, (51a)-(51b) are reduced to (46a)-(46b), which can be solved using 503
an adjusted boundary condition ρν( u 2z , v 2z )| z=−δ = (τ 2 /(ρν) + 4σk 2 a 2 , 0) to yield Substitution of (50b)-(50d) to (16) yields the expression of the quasi-Stokes velocity (87)). The first term of (56) is 516 almost identical to that of (48). The characteristics of this term have already been explained in the previous 517 subsection concerning Figure 3 . The second term of (56) can be regarded as the classical Ekman velocity 518
caused by the combined wind stress and VWS: τ 2 + 2ρνσk 2 a 2 . We estimate the strength of the VWS, 519 Below the thin surface viscous layer associated with the waves, the TWM velocity satisfies the equation 526 system (46a)-(46b) in both cases considered above (i.e. surface boundary conditions of both no pressure 527 disturbance and no variation of the tangential stress). Transforming to the EM system, the resulting 528 equation system is identical to the EM momentum equations that have been used by Huang (1979) , Xu 529
and Bowen (1994), and Polton et al. (2005):
The term looking like the Coriolis force induced by the inviscid Stokes velocity is the Coriolis-Stokes force 533
and can be derived by substituting an inviscid wave solution for w ′ and v ′ to the Reynolds stress term (Has-534 selmann, 1970), where A ′ indicates deviation from the Eulerian time mean A c for an arbitrary quantity A. 535
The boundary condition of Huang (1979) and Polton et al. (2005) is (u c 2z , v c 2z )| z=0 = (τ 2 /(ρν), 0), which 536 corresponds to our boundary condition for the TWM velocity, ( u 2z , v 2z )| z=0 = (τ 2 /(ρν) + 2σk 2 a 2 , 0) in the 537 case of no air pressure disturbance. The boundary condition of Xu and Bowen (1994) is (u c 2z , v c 2z )| z=−δ = 538 (τ 2 /(ρν)+2σk 2 a 2 , 0), which corresponds to our boundary condition for the TWM velocity, ( u 2z , v 2z )| z=−δ = 539 (τ 2 /(ρν)+ 4σk 2 a 2 , 0) in the case of no variation in the tangential stress. Interestingly, although the surface 540 boundary condition used by Xu and Bowen (1994) corresponds to our case of no variation of the tangential 541 stress, corresponding to step (iv) in our derivation (see the previous subsection), these authors appear to 542 have arrived at (iv) without apparently using steps (i)-(iii) (they do not take explicit account of the thin 543 viscous boundary layer). The large difference between the different solutions is apparent from Figure 3 544 where the left panel shows the solution of Huang (1979) and Polton et al. (2005) for two different wave 545 amplitudes, while the right panel shows to the corresponding solution of Xu and Bowen (1994) for the 546 same two wave amplitudes. Clearly, the different surface boundary conditions applied to the waves can 547 have a big effect on the resulting EM velocity, not only at the surface but throughout the water column. 548 To summarise the difference between the different solutions, it is of interest to understand the budget 549 of momentum in each vertical column, starting with the horizontal momentum equations in Cartesian 550 coordinates. For the problem being considered here, the instantaneous momentum equation in the x-551 direction is
(58) 553
Vertically integrating over the depth of the ocean, we obtain equations for the vertically-integrated volume 554 transport given by 555 ρ(
Time averaging the above equation, and since the problem is horizontally homogeneous, then gives
where there is no Reynolds stress term, consistent with the absence of Reynolds stress terms in (31a)-560 (32b). These terms drop out because there is no net convergence/divergence of momentum into the water 561
column by the waves. The pressure term of (60) corresponds to the form stress at the surface and vanishes 562 in the case of no pressure perturbations at the sea surface but is, nonetheless, non-zero in the case of no 563
variations of the tangential stress, as we saw in the previous subsection. We next note that the viscosity 564 term of (60) can be written as
and horizontally Eulerian coordinate system, analogous to the TWM approach in isopycnal coordinates in 578 theories describing the impact of mesoscale eddies on the large-scale ocean circulation. Some advantages of 579 the TWM approach are (i) the theory allows for both finite amplitude fluid motions and the background 580 vertical flows associated with the horizontal divergence/convergence of currents, without resorting to 581
Taylor or perturbation expansions, (ii) a concise treatment of the surface kinematic condition as well as 582 the boundary condition for the viscosity term, avoiding complexity in the boundary conditions of Eulerian 583 mean (EM) approaches.
584
In order to illustrate the advantage of the TWM approach, we have revisited the classical Ekman spiral 585 problem, including surface wave effects, using an analytic treatment. The TWM approach can reproduce 586 both the Lagrangian mean equation system of Madsen (1978) and the Eulerian mean equations of Xu and 587
Bowen (1994) and Polton et al. (2005) . We have also explored the different surface boundary conditions 588 implicit in these studies. The case studied by Polton et al. (2005) and also Huang (1979) corresponds to 589
applying a boundary condition of no pressure disturbance at the free surface to the waves (implying no 590 form stress) whereas the solutions of Madsen (1978) and Xu and Bowen (1994) correspond to applying 591 a condition of no variations in the tangential component of surface stress to the waves. In this second 592
case, both the form stress and the viscous stress provide a net momentum flux through the surface to 593 the vertically-averaged momentum budget which, in turn, leads to a momentum input, corresponding to 594 the virtual wave stress of Longuet-Higgins (1953 , 1960 , at the base of the thin viscous boundary layer 595 associated with the waves. By writing the TWM momentum equation in a flux-divergence form, we were 596 able to easily identify the route of momentum transfer, an advantage over using the three-dimensional 597
Lagrangian equations of Pierson (1962) .
598
There are many examples of attempts to couple large-scale circulation models with surface wave 599 models, such as the WAM (e.g. Komen et al., 1994; Jenkins, 1989) the thin viscous boundary layer associated with the waves and which, in any case, will not be resolved 609
by a large-scale circulation model), this means that for models that step forward the TWM velocity, 610 such as Mellor et al. (2008) , an additional term should be included to offset the effect of viscosity on the 611
Stokes-drift velocity.
612
Concerning the forcing of the momentum equations in large scale models, we speculate that a realistic 613 model for the waves might be a linear combination of the two solutions we have presented (the case of 614 no air pressure disturbance leads to no VWS, while the case of no tangential stress leads to a significant 615 VWS). The ratio of the linear combination is highly relevant to the maintenance mechanism of waves and 616
is an important issue for the parameterization of wave forcing for use in large-scale models (cf. Weber 617 et al. (2006) and also the papers by Jenkins (1986 Jenkins ( , 1989 ), an issue to be addressed using the TWM 618 framework in future work. the quasi-EM equations, a topic we shall discuss in the context of the TWM equations in a later paper. 624
VA dz − ( VA · ∇η)|z= η based on the Leibniz rule. 13 Equation (69b) is derived using (22a). First where β ≪ 1 and γ ≪ 1 have been used. Using (71) we derive utility equations,
Substitution of (71)- (72b) to (40a)-(40e) yields
The approximated solution (73a)-(73e) still has four free parameters: the real and imaginary parts of 699 each of b + and b − . These parameters can be determined by assuming either (i) no air pressure disturbance 700 or (ii) no variation in the tangential stress at sea surface. In both (i) and (ii), we also assume no surface 701 stress in the direction of wave crests, which may be written by
The result is (b
this to (73a)-(73e) yields stress tensor in Cartesian coordinates to P ss and P sn acting on the s-component of velocity, and P ns and 724 P nn acting on the n-component of velocity, The formula of LH69 has been adopted in Xu and Bowen (1994) , Piedra-Cueva (1995), Ng (2004) , and the present study (see our Eq. 76). The formula of C69 has been adopted inÜnlüata and Mei (1970), Weber (1983) , and Jenkins (1986). Obviously
Eq. (5.4a) of Piedra-Cueva (1995) is different from Eq. (99b) of C69, despite the fact that both equations are presented as expressions for the tangential stress at second order using the framework of Pierson (1969) . The two equations become identical if the normal stress at the sea surface is zero, an assumption which allowed C69 andÜnlüata and Mei (1970) to derive the VWS (this is for waves in a water tank). Weber (1983) made one of the first attempts to relax the condition of no normal stress while retaining the condition of no tangential stress, in order to consider steady and horizontally homogeneous
waves in an open ocean. However Weber (1983) used Eq. (99b) of C69, which is why he could not obtain the VWS.
where P sn = P ns is the instantaneous tangential stress, and |η x | ≪ 1 is assumed. The condition of 727
Multiplying the above equation with z c z /(ρν) = (1+z ′′′ z )/(ρν) and application of the perturbation expansion 731 yields where u ′′′ 1x + w ′′′ 1z = 0 has been used. We substitute the approximated solution of the first order waves, 736 (75c) and (75e), to the O(α) component of (78),
The result is b = 2aβi. Substitution of this to (75a)-(75e) yields (50a)-(50e).
741
Time-average of (78) yields a boundary condition for the unweighted mean velocity u 2z = τ 2 /(ρν) − 742 z ′′′ 1z w ′′′ 1x + 3η ′′′ x u ′′′ 1x , which can be rewritten for the TWM velocity, have been given by (70a)-(70a). We specialize to the energy budget of horizontally homogeneous waves, 761
and for simplicity v ′′′ 1 = 0 and ∂ y = 0. To the leading order of α the sum of (70a) Phillips (1977) , the dissipation rate can be estimated using the analytical solution of inviscid 769 waves, because the viscous boundary layer associated with the waves is so thin that the detailed profile of 770 viscid waves in the boundary layer does not affect the depth integrated rate of dissipation. Substitution 771 of u ′′′ 1 = aσe iθ+kz and w ′′′ 1 = −iaσe iθ+kz to the dissipation term of (82) yields 2ρνσ 2 ka 2 . Thus the rate 772 of wave energy input through sea surface is η ′′′ 1t (−p ′′′ 1 + 2ρνw ′′′ 1z )| z=0 = 2ρνσ 2 ka 2 . Use of η ′′′ t = −(σ/k)η ′′′
yields −η ′′′ 1x (−p ′′′ 1 + 2ρνw ′′′ 1z )| z=0 = 2ρνσk 2 a 2 for the rate of wave-induced momentum input on the right 774 hand side of (81).
775
15 The interpretation can be traced back to Weber (2003) and Phillips (1977) . 
